The exact value of the upper bound of the approximation error by the construction of the type "angle" built using the Fourier-Haar partial sums is obtained on the one function class of two variables in the uniform metric.
Introduction
Haar system was introduced in 1909 [1] . This system of functions is orthonormal on [0, 1]. The properties of the Haar system as well as the behavior of the Fourier-Haar coefficients were studied by P.L. Ulyanov [2] , Z. Ciesielski [3] , B.I. Golubov [4] , I.I. Sharapudinov [5] , S.Yu. Galkina [6, 7] , S.S. Volosivets [8] , A.N. Shchitov [9, 10] , M.G. Plotnikov [11] and a lot of other scientists. Some of the obtained results can be found in the review article [12] .
In approximation theory a lot of works are devoted to the solving problems of the approximation of functions of one and several variables by polynomials in the Haar system and partial Fourier-Haar sums.
For example, in the articles N.P. Khoroshko [13, 14] in the uniform and integral metrics were obtained the exact estimates of the approximation errors of the classes of the continuity functions of one variable by polynomials in the Haar system and partial Fourier-Haar sums. In the articles N.P. Khoroshko [13] , S.B. Vakarchuk and A.N. Schitov [15] were obtained the exact estimates of the best approximation by the polynomials in the Haar system of the functions of boundary variation in the integral metric. The exact estimates of the errors of the sided approximation by the polynomials in the Haar system in uniform and integral metrics were obtained for some function classes by S.B. Vakarchuk and A.N. Schitov in the article [16] . In the case of the classes of the differentiable functions of one variable the exact estimates of the approximation errors by the polynomials in the Haar system were obtained in the metrics L p (1 p ∞) in the article S.B. Vakarchuk and A.N. Schitov [17] .
The questions of obtaining of the upper bounds of the approximation of the continuity functions of two and more variables by polynomials in the Haar system using the modulus of continuity were considered by A.R. Abdulgamidov [18] , N.D. Rishchenko [19] , M.N. Ochirov [20] and L.G. Chomutenko [21] . P.V. Zaderey and N.N. Zaderey [22] , S.B. Vakarchuk and A.N. Schitov [23] have obtained the exact estimates of the approximation errors of the classes of the continuity functions of several variables by polynomials in the Haar system and partial Fourier-Haar sums in the uniform metric.
In this paper we continue to study the approximation properties of the Haar system. We consider the approximation of the continuity functions of two variables by the construction of the type "angle" σ n 1 ,n 2 (f ; t 1 , t 2 ) that built using the Fourier-Haar partial sums.
We can note that in the case of the trigonometric polynomials approximations by the constuctions of the type "angle" were considered by many mathematicians. For example, M.N. Potapov [24, 25] obtained several direct theorem of the approximation theory using the mixed modulus of continuity.
Theory
Let
On the unit segment I = [0, 1] we consider the binary intervals that is defined in the following way: let for arbitrary number
On the [0, 1] we define the Haar system [1] :
where δ k i m i -the closure of the set δ k i m i . At the points of discontinuity the Haar functions are equal to the average of the left and right limits of the Haar functions. At the ends of the segment [0, 1] the Haar functions are equal to the limit values from the inside of the segment. Let N 2 df = { n = (n 1 , n 2 ) :
forms the orthonormal system of Haar functions on the 2-dimensional cube I 2 . Information about Haar system can be found, for example, in the books [26] [27] [28] [29] .
is the partial rectangular sum of the Fourier-Haar series, where
Let C ≡ C(I 2 ) is the line space of the continuity on the
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are the partial sums of the Fourier-Haar series obtained under the action of the operators S n 1 (·) and S n 2 (·) on the f (t 1 , t 2 ) ∈ C correspondingly as on the function of the t 1 (with fixed t 2 ) and on the function of the t 2 (with fixed t 1 ). From [30] we can write
By using of the definitions of the Fourier-Haar partial sums, we build the two-dimensional "angle"
(explanation of the term "angle" can be found, for example, in [25] ). By the mixed modulus of continuity of the function f (t) ∈ C we call the value
are the first differences of the function f with the steps h 1 and h 2 on the variables t 1 and t 2 accordingly.
We set the next function class
where Ω(u) (u ∈ I 2 ) is some defined modulus of continuity. The function Ω(u) is continuity, nonnegative and nondecreasing for each variables in the definition set of the function and such that Ω(u) = 0,
Results
In the next theorem is obtained the exact value of the approximation error of the continuity function of two variable from the function class H Ω by the "angle" built with Fourier-Haar partial sums.
Theorem 1. For arbitrary modulus of continuity Ω(t) (t ∈ I 2 ) and for all numbers
We need the following two lemmas from the [23] to prove the theorem 1. Lemma 1. Let on the set R 2 + is defined the continuous, nonnegative, nondecreasing on each variables function f (t 1 , t 2 ). Then the following equality holds
where 0 a i < b i < ∞ (i = 1, 2). Proof of the lemma 1. Let
We can write the equivalent form of this function:
After obtaining the first partial derivative on the variable t 1 , we can write
On the segment a 1 t 1 b 1 we consider the auxiliary function
For a 1 t 1 < (a 1 +b 1 )/2 and arbitrary u 2 0 by the conditions of the lemma 1 we have g(t 1 , u 2 ) 0. Then from (9)
. By using the similar reasoning we can get, that G (0,1) (t 1 , t 2 ) is non-positive on the set [a 1 , b 1 ] × [a 2 , (a 2 +b 2 )/2) and nonnegative on the set [a 1 , b 1 ]× ((a 2 +b 2 )/2, b 2 ]. And G (0,1) (
From the above we can conclude that the vertices of the rectangle [a 1 , b 1 ] × [a 2 , b 2 ] are the points in which the function G(t 1 , t 2 ) takes the maximum value. Substituting the coordinates of the vertices in the formula (8) we can ensure that the equality (7) is hold. The lemma 1 is proved.
Lemma 2.
If the function f (t 1 , t 2 ) meets the requirements of the lemma 1 then the function 1, 2) , is nondecreasing for each variables.
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Proof of the lemma 2. Because of the function f is nondecreasing for each variables then
where 0 < u 2 < ∞. Using Fubini's theorem and inequality (10) we have
Analogous we obtain Q (0,1) (t 1 , t 2 ) 0. Hence, in view of (11), we have the statement of the lemma 2.
Proof of the theorem 1. Using the reasoning analogous to the case of the function of one variable [28, 29] , we can write the S n 1 ,∞ (f ), S ∞,n 2 (f ) as follows:
where Λ ν i m i (i = 1, 2) is setted by the formula (4). In the common points for the segments Λ ν 1 m 1 (Λ ν 2 m 2 ), the function S n 1 ,∞ (f ) (S ∞,n 2 (f )) is equal to the half-sum of the values from the intervals Λ ν 1 m 1 (Λ ν 2 m 2 ). The function S n 1 ,∞ (f ; t 1 , t 2 ) in the points (0, t 2 ) and (1, t 2 ) is continuous for arbitrary t 2 ∈ I, and the function S ∞,n 2 (f ; t 1 , t 2 ) is continuous in the points (t 1 , 0) and (t 1 , 1) for arbitrary t 1 ∈ I.
From the results of M.N. Ochirov [20] and L.G. Khomutenko [21] , based on the standard reasoning from [29] (p.21) and [26] (p.57-58), we can conclude that for arbitrary t = (t 1 , t 2 ) ∈ Λ ν 1 ,ν 2 m 1 ,m 2 and n = (n 1 , n 2 ) (n i = 2 m i + k i ; m i ∈ Z + ; k i = 1, 2 m i ; i = 1, 2) the Fourier-Haar partial rectangle sum of the order n of the function f (t) ∈ C can be written as follows
where
In the points common for the closure of the sets Λ ν 1 ,ν 2 m 1 ,m 2 the function S n (f ; t) is equal to the average of the values from the rectangles Λ ν 1 ,ν 2 m 1 ,m 2 that abut for these points. Herewith S n (f ; t) is continuity in the boundary points of the domain I 2 that do not match to the points in which the rectangles Λ ν 1 ,ν 2 m 1 ,m 2 abut one to another.
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For arbitrary function f ∈ H Ω and for arbitrary n ∈ N 2 * and t = (t 1 , t 2 ) ∈ Λ ν 1 ,ν 2 m 1 ,m 2 using (14) and (12)- (13) we have
Because of Λ ν 1 ,ν 2 m 1 ,m 2 = Λ ν 1 m 1 × Λ ν 2 m 2 and using (4) we have Then from the (15) we obtain
The modulus of continuity Ω(u) meets all requirements of the lemma 1. Then for arbitrary point t ∈ Λ ν 1 ,ν 2 m 1 ,m 2 from the (16) it follows
Let us show that in the points of the junction of the rectangles Λ ν 1 ,ν 2 m 1 ,m 2 the inequality (17) is hold. For this purpose we consider the arbitrary function f ∈ H Ω and the point t * = (t * 1 , t * 2 ) such that t * i df = k i /2 m i (k i = 1, 2 m i −1; m i ∈ N; i = 1, 2). In the point t * the four rectangles Λ ν 1 ,ν 2 m 1 ,m 2 are abutted one to another. Applying the lemmas 1 and 2 we obtain
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Analogous we can prove that (17) is hold in all other junction points of the rectangles Λ ν 1 ,ν 2 m 1 ,m 2 . From the above and (17) we have sup f ∈H Ω ∥f − σ n 1 ,n 2 (f )∥ C n ′ 1 n ′ 2 1/n ′
Let us consider the function I(t 1 , t 2 ) df = Ω(1−t 1 , 1−t 2 ). Using the properties of the semiadditivity and nondecreasing on each variables of the modulus of continuity Ω, we can show that I ∈ H Ω . Then we obtain the lower bound sup f ∈H Ω ∥f −σ n 1 ,n 2 (f )∥ C ∥I−σ n 1 ,n 2 (I)∥ C |I(1, 1) − σ n 1 ,n 2 (I; 1, 1)| = = |σ n 1 ,n 2 (I; 1, 1)| = n ′ 1 n ′ 2 1/n ′
The equality (6) for arbitrary n ∈ N 2 * is followed from the estimates (18) and (19) . Theorem 1 is proved.
Conclusions
The exact value of the upper bound of the approximation error by the construction of the type "angle" σ n 1 ,n 2 (f ; t 1 , t 2 ) built using the Fourier-Haar partial sums is obtained in the uniform metric on the function class of two variables defined using of the mixed modulus of continuity Ω(t 1 , t 2 ).
